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Abstract 

We consider area-preserving diffeomorphisms on tori with zero entropy. We clas- 
sify ergodic area-preserving diffeomorphisms of the 3-torus for which the sequence 
{Df n } n £f$ has polynomial growth. Roughly speaking, the main theorem says that 
every ergodic area-preserving C 2 -diffeomorphism with polynomial uniform growth 
of the derivative is C 2 -conjugate to a 2-steps skew product of the form 



T 3 9 (xi,x 2 ,x 3 ) h-> {x-i + a, ex 2 + 0(xi),x 3 + r y(x 1 ,x 2 )) 



where e = ±1. We also indicate why there is no 4-dimensional analogue of the above 
result. Random diffeomorphisms on the 2-torus are studied as well. 

1 Introduction 

Let M be a compact Riemannian smooth manifold and let /i be a probability Borel 
measure with supp(/x) = M. Let / : (M,fi) — > (M, /i) be a smooth measure-preserving 
diffeomorphism. An important question of smooth ergodic theory is: what is the relation 
between asymptotic properties of the sequence {Df n } n( z?q and dynamical properties of the 
dynamical system / : (M, fi) — > (M, jj). There are results well describing this relation 
in the case where M is the torus. For example, if / is homotopic to the identity, the 
rotation vector of / is ergodic and the sequence {Df n } n£N is uniformly bounded, then / 
is C°-conjugate to an ergodic rotation (see p. 181). Moreover, if {Df n } n£N is bounded 
in the C r -norm (r G NU {oo}), then / and the ergodic rotation are C r -conjugated (see 
p. 182). On the other hand, if {Df n } n€N has "exponential growth", precisely if / is an 
Anosov diffeomorphism, then / is C°-conjugate to an algebraic automorphism of the torus 
(see j). 
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A natural question is: what can happen between the above extreme cases? The aim 
of this paper is to classify measure-preserving diffeomorphisms / of tori for which the 
sequence {Df n } n( z^ has polynomial growth. One definition of the polynomial growth of 
the derivative is presented in Q. In the above-mentioned paper, the following result is 
proved. 

Proposition 1 Let f : T 2 — > T 2 be an ergodic area-preserving C 2 -diffeomorphism. If 
the sequence {n~ T Df n } ne ^ converges a.e. (r > 0) to a measurable nonzero function, then 
t = 1 and f is algebraically conjugate (i.e. via a group automorphism) to the skew product 
of an irrational rotation on the circle and a circle cocycle with nonzero topological degree. 

Moreover, in [|| , the author has shown that if / : T 2 — - > T 2 is an ergodic area-preserving 
C 3 -diffeomorphism for which the sequence {n~ 1 Df n } ne ^ is uniformly separated from and 
oo and it is bounded in the C 2 -norm, then / is also algebraically conjugate to the skew 
product of an irrational rotation on the circle and a circle cocycle with nonzero topological 
degree. 

Next very interesting result indicating how the type of growth of the derivative of a 



diffeomorphism reflects its important dynamical features (see [5 L] and |12[) says that every 
symplectic diffeomorphism / : T 2 — > T 2 homotopic to the identity with a fixed point either 
is equal to the identity map or there exists c > such that 

m&x(\\Df n \\ supi \\Df~ n \\ sup ) > cn 

for any natural n. 

In this paper some analogous of Proposition |l] are studied. In Section || we discuss 
some random versions of Proposition [I]. In Section [3] we classify area-preserving ergodic 
C 2 -diffeomorphisms of polynomial uniform growth of the derivative on the 3-torus, i.e. 
diffeomorphisms for which the sequence {n~ T Df n } ne ^ converges uniformly to a non-zero 
function. It is shown that if the limit function is of class C 1 , then r equals either 1 or 2 and 
the diffeomorphism is C 2 -conjugate to a 2-steps skew product. In Section [| we indicate 
why there is no 4-dimensional analogue of the above result. 



2 Random diffeomorphism on the 2— torus 

Throughout this section we will consider smooth random dynamical systems over an 
abstract dynamical system (Q, JF, P,T), where (p,,J-,P) is a Lebesgue space and T : 
(fl, J 7 , P) — > (Q, J 7 , P) is an ergodic measure-preserving automorphism. As a phase space 
for smooth random diffeomorphisms we will consider a compact Riemannian C°°-manifold 
M equipped with its Borel cx-algebra E. A measurable map / 

Z x O x M 3 (n, u, x) i — > fix e M 

satisfying for P— a.e. u£0 the following conditions 
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. /° = ld M , = f^ u o /» for all m, n G Z, 

• : M — > M is a smooth function for all nGZ, 

is called a smooth random dynamical system (RDS). Of course, the smooth RDS is gener- 
ated by the random diffeomorphism f w = in the sense that 

{/t»-i w • • • ° /tw % for n > 
Id M for n = 
/t-L ° /F»+i w ° • • • ° for n<0 - 

Consider the skew-product transformation T/ : (fi x M, F ®B) — > (fi x M, F ®B) induced 
naturally by / 

T f (u,x) = (Tu,fux). 

Then 7y(w, x) = (TV>, /» for all n e Z. We call a probability measure /x on (fi x M, 
B) f -invariant, if /x is invariant under Tf and has marginal P on fi. Such measures can 
also be characterized in terms of their disintegrations /x w , cu G fi by /^/Xu, = Htu -P-a.e. A 
/-invariant measure /x is said to be ergodic if Tf : (fi x M, T ® £>, /x) — > (fix M, T ®B,n) 
is ergodic. We say that a /-invariant measure /x has full support, if supp(/Xo,) = M for 
P-a.e. uo G fi. 

In this section we will deal with almost everywhere diffentiable and C r measure- 
preserving random dynamical systems with polynomial growth of the derivative. Suppose 
that / :ZxfixM— » M is a C° RDS and /x is a /-invariant measure on fi x M. 
The RDS / is called /x-almost everywhere diffentiable if for every integer n and for /x-a.e. 
(u,x) G fi x M there exists the derivative Df%(x) : T X M -> T/»M and 

/ ||P/"(x)|| OT d/i w (x) < oo 

for every n G Z and P-a.e. u; G fi, where || • \\ n ,uj,x is the operator norm in £(T X M, Tfn x M). 

In the paper we will look more closely at RDS on tori. Let d be a natural number. By 
T d we will mean the d-dimensional torus {(zi, . . . , z d ) G C : \zi\ = . . . = \z d \ = 1} which 
most often will be treated as the quotient group R d /Z d ; \® d will denote Lebesgue measure 
on T d . We will identify functions on T d with Z d -periodic functions (i.e. periodic of period 
1 in each coordinates) on M. d . Let / : T d — > T d be a smooth diffeomorphism. We will 
identify / with a diffeomorphism / : M. d — > M. d such that 

f(x u . . . , Xj + 1, . . . , x d ) = /(xi, . . . , x d ) + (a y , . . . , a di ) 

for every (xi, . . . ,x d ) G M d , where A = [aij\i<i,j<d G GL d (Z). We call A the Zmear part of 
the diffeomorphism /. Then there exist smooth functions fi : T d — > K. such that 

d 
3=1 

where fi : M. d — > H. is the i-th coordinate functions of /. 
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Definition 1 We say that a //-almost everywhere diffentiable RDS / on T d over 
(Q, P,T) has r -polynomial (r > 0) growth of the derivative if 

—Df™(x) -> g(u,x) for //-a.e. (u;,x) G x T d , 

where # : OxT^ -> M d (R) is // non-zero, i.e. there exists a set A G T®B such that //(A) > 
andsf(x) 7^ for all x G A. Moreover, if additionally Df n belongs to L 1 ((fixT d , //), M d (M)) 
for all n G N and the sequence {n~ T Df n } converges in x T d , //), Md(R)) then we 

say that / has t -polynomial L 1 -growth of the derivative. 

We now give the exmple of an ergodic RDS on T 2 with linear L 1 -growth of the deriva- 
tive. For given t : X ^ X, <p> : X — > T and n G N let 

<p( n ) = <p(x) + <p(rx) + . . . + ^(t^x). 

Let us consider an almost everywhere diffentiable RDS / on T 2 over (fl, J 7 , P, T) (called 
the random Anzai skew product) of the form 

fw{xi, x 2 ) = {xi + a(u),x 2 + <f(uj, Xi)), 

where the skew product T a : (OxT,P®A) — > (fixT,P®A), T a (uj, x) = (Tu, x + a(ui)) is 
ergodic and <p : Q x T — > T is an absolutely continuous random mapping of the circle such 
that Dip G L x (fi x T, P ® A) and J n d(ip w )dPu ^ 0. Then the product measure P <g> A 02 is 
/-invariant. The following lemma is a little bit more general version of Lemma 3 in M. 

Lemma 1 The RDS f is ergodic and has linear L 1 -growth of the derivative. 

Proof. First note that 

K(x u x 2 ) = {x 1 + a^(u),x 2 + ^ n \co,x 1 )) 

for all n G N. Therefore 

l/n 

By the ergodicity of T a , 

-V/Wa(^))^ / / D<pMdydPu= [ d(<p u )dPu^0 
n k=0 Jn Jt Jn 

for P <S) A-a.e. (u, x) G Q x T and in the L 1 -norm, which implies linear L 1 -growth of the 
derivatives of /. 



-Df2{ Xl ,x 2 ) = 
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To proof the ergodicity of /, we consider the family of unitary operators U m : L 2 (Q x 
T, P <g> A) — > L 2 (ft xT,P®A),m6Z given by U m g(u } x) = e 2 ™™^'^ g{Tw, x + a\w)). 
We now show that 

(1) (U^9,9)= I e 2mmip( " HuJ ' x) gT^(uj,x)g(uj,x)dPujdx^0 asn-^oo 



</£2xT 

for all G L 2 (fixT,P<g>A) and m G Z\{0}. Let A denote the set of all g G L 2 (f]xT,P®A) 
satisfying (0). It is easy to check that A is a closed linear subspace of L 2 (Q x T, P ® A). 
Therefore it suffices to show ([I]) for all functions of the form g(u, x) = h(u))e 2ntkx , where 
G P) and fc G Z. Then 

1(^,^)1 = | / h(T n u)h((jj)e 2lTika{n){u)) ( [ e 2nim<p(n){uJ ' x) dx)dPuj\ 



< \\h\\loo \ e 27Tim ^ n){uJ ' x) dx\dPu. 
Jn Jt 

Let (p : Q x T —>■ R be an absolutely continuous random function such that (p(u,x) = 
<p(uj,x) + d((p u )x. Without loss of generality we can assume that j^d^^dPuj = a > 0. 
For any natural n let 

A n = {lu G Q : rf(^) (n) /^ > a/2}. 
By the ergodicity of T, P(f2\v4 n ) — > as n — > oo. Applying integration by parts we obtain 

-^H<0,<?>l < P(n\A n )+ | / e w»("^) rf ^ 



l°° JA n Jt 2nimd((p u 

< p(n\A n ) + —[ \ [ D^ n) (u,x)dx\dPuj 

< P(tt\A n ) + — [ \D^ n \u,x)/n\dPojdx. 

As Jq xT D(p{uj,x)dPudx = 0, applying Birkhoff's Ergodic Theorem for T a we conclude 
that / n T |Py5( n )(cj, x) /n\dPujdx tends to zero, which proves our claim. 

Now suppose, contrary to our assertion, that / is not ergodic. Since the skew product 
T a is ergodic, there exists a measurable function g:fixT->T and m G Z \ {0} such that 

Then (U!^g,g) = 1 for all n G N, contrary to ([[]). □ 

The aim of this section is to classify C r random dynamical systems on the 2-torus that 
have polynomial (L 1 ) growth of the derivative and are ergodic with respect to an invariant 
measure of full support. We say that two random dynamical systems / and g on T 2 over 
(Q, J 7 , P, T) are algebraically conjugated if there exists a group automorphism A : T 2 — ► T 2 
such that f LU oA = Aog LU for P-a.e. u G fl. We prove the following theorems. 
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Theorem 2 Let f be a C r random dynamical system on T 2 over (Q, J 7 , P, T). Let [i be 
an f -invariant ergodic measure of full support onOxT 2 . Suppose that f has r-polynomial 
growth of the derivative. Then r > 1 and f is algebraically conjugate to a random skew 
product of the form 

fu{xi, x 2 ) = {F ul (x 1 ),x 2 + <fu{xi)), 

where F : OxT - > T is a C r random diffeomorphism of the circle. Moreover, if f preserves 
orientation, then there exist a random homeomorphism of the circle (:flxT->T and a 
measurable function a : Q — > T such that 

fru> ° F u (x) = £u,{x) + a u P-a.e. 

and consequently f is topologically conjugate to the random skew product 

T 2 3 (a?i, x 2 ) i — ► (xi + a u , x 2 + (f Ui o C^i)) E T<2 - 

Theorem 3 Under the hypothesis of Theorem ^ if moreover f has r-polynomial L l - 
growth of the derivative and /i is equivalent to the measure P (g> A* 82 with d\ijd{P Cg> A® 2 ), 
d(P ® A® 2 )/d/i G L°°(n x T 2 ) , then 

• r=l, 

• there exist a Lipschitz random diffeomorphism of the circle £ : Q x T — > T with 
D£, D^ 1 G L°°(Q x T, P eg) A) and a measurable function a : Q —>■ T such that 

£,Tw ° F u (x) = £u(x) + « w P-a.e. and 

For convenience, the proofs of the theorems are divided into a sequence of lemmas. 
Let / be a C 1 random dynamical system on T d over (fl, JF, P,T). Let be a /-invariant 
ergodic measure of full support on Q x T d . Suppose that / has r-polynomial growth of 
the derivative. Let g : Q x T d — > M^(R) denote the limit of the sequence {n _r D/ n }. 

Lemma 4 For fi-a.e. (uj,x) 6fixT d and a// integer n we have 

(2) g(u;, a;) 7^0, g(w,x) 2 = and 

(3) g(uj,x) = g(T n u J JZx)DfZ(x). 
For ji eg) /i-a. e. (a;, x, t>, y) G f2 x T d x f2 x T d we have 

(4) ar)flf(u, y) = and o(w, sc) = £>/„(?/) gf(w, sc). 
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Proof. Let A C Q x T d be a full /i-measure T/-invariant subset such that (uj,x) G A 
implies Ymi n ^ 00 n~ T D f™(x) = g(cu,x). Assume that (cu,x) G A. Since 



Let B = {(cu,x) G A : g(u>,x) 7^ 0}. By the above, B is T/- invariant. As g is /x non-zero, 
we have /jl(B) = 1, by the ergodicity of Tf. 

By the Jewett-Krieger Theorem, we can assume that Q is a compact metric space, 
T : Q — > f2 is an uniquely ergodic homeomorphism and P is the unique T-invariant mea- 
sure. Now choose a sequence {Afc}fc e N of measurable subsets of A such that the functions 
g,Df : Ak — > Md(IR) are continuous, all non-empty open subsets of Ak (in the induced 
topology) have positive measure and /i(Ak) > 1 — 1/k for any natural fc. Since the trans- 
formation (Tf)A k '■ (Ak,fJ>A k ) — > (Ak,fiA k ) induced by Tf on Ak is ergodic, for every natural 
k we can find a measurable subset Bk C such that for any (ou,x) G 5^ the orbit 
{{Tf)A k (uj , x)} n( zfq is dense in Ak in the induced topology and /i(Bk) = fJ,(Ak). 
Let (u>,x),(v,y) G -B*,. Then there exists an increasing sequence {mi}^ of natural 
numbers such that (Tf)™*(u;, x) — > (v,y). Hence there exists an increasing sequence 
{ n i}im of natural numbers such that T^(u;,x) — > and T^(u;,x) G A fc for all 



i 6 N. Since g,Df : A fe — > M d (R) are continuous, we get g(T ni cu, — > g(v,y) and 
Df T n iu ,(f^x) -> g(v,y). Since 




and (T n u, f™x) G A for all m, n G N, letting m — > oo, we obtain 



x) = g(T n u, fix) Dft(x) for (a;, i)g/1 and n G N. 



letting i — > oo, we obtain g(v,y) g(u>,x) = 0. Since 



letting i — > oo, we obtain g(cu,x) = Df v y g(cu,x). Therefore 



/i (g) /i{(u;, x, y) G x T d x Q x T d : gr(v, y) g{uj, x) 



0}) > (1 



1 



A: 



H{(w,x) G n x T d : 



c,(cu,x) 2 = 0}) > 1 



1 



fc 



and 



fi®fi{(u,x,v,y)enxT d xQxT d : g(u, x) = Df v (y) g(u, x)}) > (1 - \) 2 



for any natural k, which proves the lemma. □ 
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Let us return to the case where d = 2. Suppose that A, B are non-zero real 2x2- 
matrixes such that A 2 = B 2 = AB = 0. Then (see Lemma 4 in [[|) there exist real numbers 
a, b ^ and c such that 



or 



A = a 



A = a 



1 




[ 1 -c ] and B 



[01] and B = b 



c 
1 

1 





[1 -c] 
[0 1] 



It follows that g can be represented as follows 



g = h 



[1 -c] 



where h : Q x T 2 —>■ R is a measurable function, which is non-zero at /i-a.e. point and 
c6K. We can omit the second case where 



g = h 



1 




[0 1] 



because it reduces to case c = after interchanging the coordinates, which is an algebraic 
isomorphism. Then from (El) we obtain 



(5) 



c 
1 



Df u x 



for P-a.e. u E fl and for all x G T 2 , because \i has full support. ^From (|3|) we obtain 

(6) h{u, x)[l -c]= h{Tu, f„x) [ 1 -c ] P^x 

for /x-a.e. (ct?,a;) G x T 2 . 

Lemma 5 Jfc zs irrational, then f 0J (xi,x 2 ) = (xi+a(uj),x 2 + r y(uj)) ! where a, 7 : f2 — > T 
are measurable functions. Consequently, the sequence n~ T Df n tends uniformly to zero. 



Proof. ^From 



we have 



c = c 



and 1 = c— h 



9xi 8x2 dx\ 8x2 

for P-a.e. w G O. It follows that for i — 1,2 there exists a C r+1 random function 
x R -y R such that 

fi(uj, x u x 2 ) = Xi + «i(o;, xi - cx 2 ). 

Represent / as follows 

fi(u,x l7 x 2 ) = an(u)xi + a 12 {ui)x 2 + fi{u,x 1 ,x 2 ), 
f 2 (u,x 1 ,x 2 ) = a 21 (uj)x 1 + a 22 (uj)x 2 + f 2 {u,x l7 x 2 ), 
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where {aij(uj)}i ij=1)2 e GL 2 (Z) and /i, / 2 : fi x T 2 -» 1. Then 

Ui(cj,x + 1) = (an(cu) - l)(x + 1) + fx(u,x + 1,0) = ui(u,x) + a n (uj) - 1 

and 



Ui(u,x + c) = (a n (uj) - l)x - a 12 (u) + fi{uJ,x, -1) = Ui(u,x) - a 12 (u>). 



Therefore 



f \ i v u x {u,x) , 
an (a; J — 1 = hm = — ai 2 [u)/c 



x-++oo X 

for /i-a.e. u G fi. Since c is irrational, we conclude that on(w) — 1 = a\ 2 {uj) = 0, hence 
that Ui(u, •) is 1 and c periodic, and finally that Ui(w, •) is a constant function for /i-a.e. 
uGfl. It is clear that the same conclusion can be drawn for u 2 , which completes the proof. 
□ 

Lemma 6 If c is rational, then there exist a group automorphism A : T 2 — > T 2 ; aC r 
random diffeomorphism of the circle F : fi x T — ► T and a C r random function ip : fi x T — ► 

A o / w o A" 1 ^,^) = (i^xi,^ + y w (»i))- 

Moreover, 

(7) h TuJ o A~ 1 (F ul (x 1 ),x 2 + 9? £J (a;i))DF £J (ari) = h w o A~ 1 (x 1 ,x 2 ) 

for pL-a.e. (u),X\,x 2 ) G fi x T 2 ; where fi := (Id^ x and /i w o A -1 : T 2 — > R depends 
only on the first coordinate. 

Proof. Let p and q be integer numbers such that q > 0, gcd(p, q) = 1 and c = p/q. 
Choose a, 6 G Z with ap — bq = 1. Consider the group automorphism A : T 2 — > T 2 



associated to the matrix A 



q -p 

—b a 



Then A' 



a p 
b q 



Let us consider the C r 



RDS f w = A o f u o A 1 . Then fj, is a /-invariant measure and 
^From (Bp we see that 

DfuX 



P 
Q 



V 
Q 



for P-a.e. a; G fi and all x G T 2 , hence that 




1 



Df u x 




1 



for P-a.e. uo G fi and all x G T 2 . ^From (|6|) we see that 

M^) [ Q ~P] = hr^fujx) [q -p ] Df u 



,x 
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for \l— a.e. (u),x) G Q x T 2 , hence that 

] =^o^M [ 1 0]£>A 
for /t-a.e. (cf,:c) G fi x T 2 . It follows that 



for P-a.e. G f2 and 



dx 2 
dxi 



h T u,oA 1 



for /t-a.e. G f2 x T 2 . Therefore 

f U) {x 1 ,x 2 ) = {F u Xx,x 2 + <Pu{xi)), 

where F, tp : Q x T — > T are C r random functions and 

/i TaJ o A~ 1 {F u {x 1 ),x 2 + ip^x^DF^Xx) = h^o A~ 1 {x 1 ,x 2 ) 

for /t-a.e. (u;,xi,x 2 ) G fi x T 2 . Since / w : T 2 — > T 2 is a C r -diffeomorphism, we conclude 
that F^ : T — > T is a C r -diffeomorphism for P-a.e. Since 



n 



p/q 
1 



[ 1 -p/q ] 



for //— a.e. (a;, £1,2:2) G fi x T 2 , we have 



—£>£(*) - h u (A x)/q 

rn I 



n 





1 



for /t-a.e. (u,xi,x 2 ) G fi x T 2 . Let h u := h^o A 1 . Then 



j n— 1 

-^P^(i^(^i))^(^i) - L(xux 2 )/q 2 



k=0 



for /t-a.e. (^,£1,22) G x T 2 . It follows that /i w depends only on the first coordinate. □ 

Proof of Theorem [2]. By Lemmas [| and |], to prove the first claim of the theorem we 
only need to show that r > 1. Suppose that r < 1. Let u := (Idn x 7r)/t, where it : T 2 — > T 
is the projection on the first coordinate. Then v is a P-invariant ergodic measure of full 
support on O x T. By Lemma |6|, 



h T ^{Fl(x))DFt(x) = h w {x) 
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and 

1 n— 1 

(8) - Dip T ^{F*{x))DF*{x) -> ^(x)/g 2 

fc=0 

for z/-a.e. (co>,x) 6Hxt Therefore 

1 n— 1 

(9) - X;^T^(i^(^))/V.(i^(^)) - l/q 2 

k=0 

and consequently 

n— 1 

n z — ' 

k=0 

for u-a.e. (ou, x) G VL x T. It follows that the measurable cocycle D(p/h : f2 x T — > R over 
the skew product Tp is recurrent (see fl3fl ). Consequently, for u-a.e. (u),x) G f2 x T there 
exists an increasing sequence of natural numbers {rii}^ such that 

rtj— 1 

| D<p Tkw {F*{x))/h Tk „{Ft{x))\ < 1. 

k=0 

It follows that 

ni-l 

n ^o 

contrary to @. 

Now suppose that / preserves orientation. Let us decompose v u = + u°, where u d 
is the discrete and i/£ is the continuous part of the measure u u . As this decomposition is 
measurable we can consider the measures v d = j Q v d dPu and v c = j Q v^dPu on Q x T. It 
is easy to check that v d and v c are F-invariant. By the ergodicity of u, either v = v d or 
v = v c . 

We now show that v = u c . Suppose, contrary to our claim, that v = u d . Let A : 
Q x T — > [0,1] denote the measurable function given by A(u,x) = ^({x}). As v is 
F-invariant we have 

A{Tu,F u x) = v Tul {{F^x\) = F- l v T u{{x}) = v u ({x}) = A(u,x) 

and consequently A is Tp-invariant. By the ergodicity of Tp, the function A is v constant. 
It follows that the measure u u has only finite number of atoms for P-a.e. uo G Q, which 
contradicts the fact that v has full support. 

Define £ u (x) := J* dv^ for all x G R. Then £ u (x + l) = £ u ( x ) + 1> because f* +1 dv^ = 1. 
Since u w is continuous and v has full support, the function £ w : R — ► R is continuous and 
strictly increasing. Therefore £ : fl x T -> T is a random homeomorphism. As v is 
F-invariant and F preserves orientation we have 

pF u x pFuO fF u x px 

frwiFux) = / dv Tul = / dv Tul + / dF u v w = a, + / dv^ = £ w (x) + a u 
Jo Jo Jf u o Jo 
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for P-a.e. u G fi, where a w = L u dv Tul . □ 

Proof of Theorem |3| Suppose that / has r-polynomial Z^-growth of the derivative 
and fi is equivalent to Pt^A® 2 . Then DF, Dip G L x (Ox T, i/) and /t is equivalent to PtgiA® 2 . 
Let S 6 i'(fl x T 2 , P (g> A® 2 ) denote the Radon-Nikodym derivat ive of /t with respect to 
P®\ m . Then 

^(-PL(^i), x 2 + (Puix^DFufa) = 9u{x u xi) 

for P ® A® 2 -a.e. (w, 2:1,2:2) G f2 x T 2 . From (0) there exists a non-zero constant C such 
that ^(2:1,2:2) = Ch u> (xi) for P ® A® 2 -a.e. (a;, Xi, x 2 ) G f2 x T 2 . Then the random home- 
omorphism £ w : T — > T given by := Jq du^ = J* 9 u (t)dt is a Lipschitz random 

diffeomorphism, because 9 and 1/9 are bounded. It follows that / is Lipschitz conjugate 
to the random skew product 

(T a ^)w(xi, x 2 ) = (x! + a w , x 2 + i) w (xi)), 

where ^ := (p w o^j 1 . From (||) we conclude that T a ^ has r-polynomial L 1 -growth of the 
derivative and 

1 n— 1 
fe=0 

in x T, P <g> A). It follows that 

n l - T [ d(iJ) u )dPu -> l/Cg 2 , 
and finally that r = 1 and f Q d(^ u )dPu 7^ 0. □ 

3 Area— preserving diffeomorphisms of the 3— torus 

In this section we give a classification of area-preserving ergodic diffeomorphisms of 
polynomial uniform growth of the derivative on the 3-torus, i.e. diffeomorphisms of poly- 
nomial growth of the derivative for which the sequence {n~ T Df n } n( z^ converges uniformly. 
We first give a sequence of essential examples of such diffeomorphisms. We will consider 
2-steps skew products T a ^ a : T 3 — ► T 3 given by 

T a ,/3,ry{xi, x 2 , x 3 ) = (xx + a, x 2 + fi(x 1 ),x 3 + 7(2:1, x 2 )), 

where a is irrational and j3 : T — > T, 7 : T 2 —» T are of class C 1 . We will denote by ^(7) 
the topological degree of 7 with respect to the i-ih coordinate for i — 1, 2. We will use the 
symbol h xi to denote the partial derivative dh/dxi. 
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Example 1. Assume that (3 is a constant function, a,f3, 1 are rationally independent 
and (g?i(7), ^2(7)) 7^ 0. Then 



1 



n 






dx(i) 4(7) 



7^0 



uniformly and T Q / g i7 is ergodic, by Lemma |T|. 



Example 2. Assume that 7 depends only on the first coordinate, d{(3) = 0, ^(7) 7^ 
and the skew product 



T 2 3 (xi, x 2 ) 



(xi + a, x 2 + (3{xi)) G T 2 



1 



-DT 



n 



is ergodic. Then 

" " 

^0 
di(l) o_ 

uniformly To prove the ergodicity T aj/3)7 , it suffices to show the ergodicity of the skew 
product 

T 2 3 (xi,x 2 ) 1 — ► (37 + a, x 2 + m 1 (3(x l ) + m 2 j(xi)) G T 2 

for every (mi,m 2 ) G Z 2 \ {(0,0)}. If m 2 = 0, then the ergodicity of the skew product 
follows from assumption. Otherwise, the claim follows from Lemma [I]. 

Example 3. Assume that d(/3) 7^ and 0^(7) 7^ 0. By Lemma [l], T Qj/ g i7 is ergodic. We 
now show that T a ^ a has square uniform growth of the derivative. Precisely, we show that 



(10) 

uniformly. Let 

Note that 
Therefore 



n 







d(/3)d 2 ( 7 )/2 



7^0 



T a (x) = x + a and T a ^(xi, x 2 ) = (xi + a, x 2 + (3(xi)). 



T a,p,^ Xl ^ x ^ x ^> = (^1 +na,x 2 + /3 {n) (xi), x 3 + 7 (n, (xi, x 2 )). 



~~^dJT^g Ax\, x 2 , X3) 



rr 



n 



n-\ 1 i r l\x 1 ,x 2 ) + EI=;7x 2 (T Q fc /3 (x 1 ,x 2 ))( J D/3)«(x 1 )) n -\ lx2 )^(x u x 2 ) n 



n- 2 (D/?)( n )(xi) 



n 
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To obtain (|T0D, it only remains to verify 
n— 1 

- 5 ^7, 2 fe(x 1 ,x 2 ))(L>/3)W(^)^d(/3)d 2 (7)/2^0 

fc=0 

uniformly. First observe that 

^ n— 1 n 

-J2(n-k)j X2 (T^(x 1 ,x 2 )) = -J2(j X2 ) {k \xi,x 2 ) -<fc( 7 )/2 

k=0 k=l 

uniformly Indeed, set a n := Y^k=i(^2) an d b n := n 2 . Then 

En— 1 rpk -t f 

T r- = ^ — n * o / 7x 2 (xi,x 2 )dxidx 2 = d 2 ( 7 ) 2 

b n +i - On 2n + 1 2 y T 2 

uniformly. It follows that a n /b n — > d{[3)d 2 {^) /2 uniformly. Hence 

n— 1 „ rt— 1 _ n— 1 



^ E ^7, 2 o I*, = iE^° T ^ - i E<" " ^ ° T ^ "> d2 ^)/ 2 

fc=0 fc=0 fc=0 

uniformly. Then 

n— 1 

lim ||- E7, 2 o T Q fc i/3 • D0« - d(/?)d 2 ( T )/2|| sup 

fc=0 

1 n— 1 1 n— 1 

lim ||- E7, 2 o I*, ■ D^) - kd(PH 2 o T^IU 



n— >oo n ■ 4 — ' ~ n 

k=0 k=0 
n-1 fe-1 

— 7 II t u ' " '■■ ~ " { ^H^i' 

n->oo n ^ — ' k — ' 
k=0 j=0 



< H-.n ^-EIItE^ oT «-^)H 



< lim 



re-l fc-1 

C* 1 



" - 1 i * /■ 

EikE^ oT «- / #wu=°- 

z — n <; — n 



k=0 j=0 

Example 4. Assume that 

f(xi, x 2 , x 3 ) = (xi + a, -x 2 + f3(xi), x 3 + 7(2:1)), 

where a is irrational and /3, 7 : T — > T are of class C 1 . Suppose that rf( 7 ) 7^ and the 
factor map 

/ : T 2 -> T 2 , /(^i, x 2 ) = (27 + a, -ac 2 + /9(a;i)) 

is ergo die. It is easy to see that / is ergodic iff f 2 (xi, x 2 ) = (xi + 2a, x 2 — f3{x\)+ f3{xi + a)) 
is. Since d(—/3 + [3 o T a ) = and d(j + 70 T a ) 7^ 0, we conclude the diffeomorphism 

/ 2 (xi, x 2 , x 3 ) = (27 + 2a, x 2 - f3(xi) + f3(xi + a), x 3 + 7(2:1) + 7(07 + a)) 
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is ergodic, by Example 2. Consequently, / is ergodic. Moreover 



-Df n 

n 






d(i) 



uniformly 



Example 5. Assume that an area-preserving C 2 -diffeomorphism / : T 3 — > T 3 has 



T-polynomial uniform growth of the derivative and 






h x h 2 



where h = (h 1 ,h 2 ) : T 3 — > R 2 is of class C 1 . Let ip : T 2 — * T 2 be an area-preserving 
C 2 -diffeomorphism. Let / : T 3 — > T 3 denote the area-preserving diffeomorphism that is 
conjugate to / via the diffeomorphism </? x Id : T 3 — > T 3 , i.e. 



/ = ( V 9xId)- i o/o( V 9xId). 



Then 



—Df n (xi,x 2 , x 3 ) 



n' 






Dh(ip(xx, x 2 ), x^Difixx, x 2 ) 









uniformly. It follows that / has r-polynomial uniform growth of the derivative and the 
limit function lim n _ >00 n~ T Df n is of class C . 

In this section we prove the following theorem. 

Theorem 7 Let f : T 3 — > T 3 be an area-preserving ergodic C 2 -diffeomorphism with 
t -polynomial uniform growth of the derivative (r > 0). Suppose that the limit function 
lim^oo n~ T Df n is of class C 1 . Then either r = 1 or r = 2 and f is C 2 -conjugate to a 
diffeomorphism of the form 

T 3 3 (x l ,x 2 , x 3 ) i — > (xi + a, ex 2 + f3(xi),x 3 + j(x 1: x 2 )) G T 3 , 

where e = det Df = ±1. 

As in the previous section, the proof of the main theorem is divided into a sequence of 
lemmas. Suppose that / : T 3 — > T 3 is an area-preserving ergodic diffeomorphism with r~ 
polynomial growth of the derivative. Let g : T 3 — > M 3 (M) denote the limit of the sequence 



{n T Df n } n( z N . By Lemma ^, g(x)g(y) = and g(x) 2 = for all x, y G T 3 . 

Lemma 8 Suppose that A, B are non-zero real 3 x ^-matrixes such that A 2 = B 2 = 
AB = BA = 0. Then there exist three non-zero vectors (real 1 x 3-matrixes) a, b, c such 
that 
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• A = a T b and B = a T c where ba T = and c a T = or 



• A = a T c and B = b T c where ca T = and c b T = 0. 

Proof. Suppose that A G C is an eigenvalues of A for an eigenvector x G C 3 . Then 
\ 2 x = A 2 x = and consequently A = 0. It follows that Jordan canonical form of A equals 
either 



" 





" 




" 





" 


1 








or 


1 






















1 






But the second case can not occur since 



" 





" 


2 


" 





" 


1 






















1 







1 









7^0. 



It follows that there exists C G GL 3 (M) such that 





' 





" 




Cl2 


A = C 


1 










C22 















c 32 



[en 1 



-12 
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Therefore we can find non-zero real 1 x 3-matrixes a±, a 2 such that A = a[ a 2 . As A 2 = 
we have a,\ _L a 2 . Similarly, we can find non-zero real 1 x 3-matrixes 61, b 2 such that 
B = b\ b 2 and b\ _L b 2 - Let o G M 3 be a non-zero vector that is orthogonal to both ai and 
a 2 . As AB = BA = we have ai _L b 2 and a 2 _L bi. It follows that there exists a real 
matrix [dij]i,j=i,2 such that 

bi = dn(ii + di 2 d 
b 2 = d 21 a 2 + d 22 o. 



Then 



If d 

-T - 

a c 

-T - 

a c 



12 



= (61,62) = d 12 d 22 \\o\\ 2 . 

= 0, then dn 7^ and we can put a := a±, b := d 2 , c := dnb 2 . Then d T b = A and 
B. If d 22 = 0, then 0^21 7^ and we can put a := di/d 2 i, b := b±, c := b 2 . Then 
A and b T c = B, which completes the proof. □ 



By the above lemma, there exists c G M 3 such that for any two linearly independent 
vectors a,b G M 3 orthogonal to c there exist (^-functions hi, h 2 : T 3 — > R such that g(x) 
equals 

c T (hi(x)d + h 2 (x)b) or (hi(x)a + h 2 (x)b) T c 
for all 16T 3 . First we deal with the special case where the limit function g is constant. 
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Lemma 9 Let f : T 3 — > T 3 be an area-preserving ergodic C 1 -diffeomorphism with 
t -polynomial uniform growth of the derivative (r > 0). Suppose that the limit function 
g = lim n ^oo n~ T Df n is constant. Then either r = 1 or r = 2 and f is algebraically 
conjugate to a diffeomorphism of the form 

T 3 3 (xi,x 2 , x 3 ) i — > (x\ + a, ex 2 + P(xi),x 3 + j(xi, x 2 )) G T 3 , 

where e = det Df = ±1. 

Before we will pass to the proof we give notation. Let A G GLs(M.). Let us denote by 
the quotient group R 3 /Z 3 A T , which is a model of the 3-torus as well. Then the map 

A : T 3 -> T 3 ^ Ax = xA T 

establishes a smooth isomorphism between T 3 and T\. Suppose that £ : — > is a 
diffeomorphism. Then A~ l o £ o A is a diffeomorphism of the torus T 3 . Let iV G GL 3 {T) 
be its linear part. Then 

£(z + rhA T ) = £(z) + mN T A T 
for all m G Z 3 . Moreover, we can decompose 

=x(AA^A- 1 ) T + «e(x) 

where A/VA -1 is the linear and £ is the periodic part of £, i.e. 

f (z + mA T ) = 

for all fh G Z 3 . 

Suppose that / : T 3 — > T 3 is a smooth diffeomorphism with r-polynomial uniform 
growth of the derivative and g : T 3 — > M 3 (R) is the limit of the sequence {n~ T Df n } ne fq. 
Let us consider the diffeomorphism / : — > T\ given by / := A o / o A -1 . Then 

(11) —Df n (x) = —ADptA-^A- 1 -> A^fA^U" 1 

uniformly on T^. Let us denote by g : — > M 3 (M) the function g(x) := Ag(A~ x x)A~ l . 
Lemma [| now gives 

(12) g(x) = g(fx)Df(x) and g(y) = Df(x) g(y) 
for all x, y G T 3 , and consequently 

(13) g(x) = g(fx)Df(x) and g(y) = Df(x) g(y) 
for all x, y G T\. 

Throughout this paper we will denote by G(c) the subgroup of all m G Z 3 such that 
mlc. Of course, the rank of G(c) can be equal 0, 1 or 2, whenever 0. Further useful 
properties of the group G(c) the reader can find in Appendix [B|. 
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Suppose that / : T 3 — > T 3 is an area-preserving ergodic C 1 -diffeomorphism with r— 
polynomial uniform growth of the derivative and the limit function g is constant. By 
Lemma |8|, there exist mutually orthogonal vectors a, c £ R 3 such that g = c T a. We now 
prove that following 

Lemma 10 Let f : T 3 — > T 3 be an area-preserving C 1 -diffeomorphism. Suppose that 
f preserves orientation, has t -polynomial uniform growth of the derivative and the limit 
function g = lim^oo n~ T Df n equals (Fa. Then rank G(a) = 2. Moreover, r equals either 
1 or 2. 

Proof. Let b £ 1R 3 be a vector orthogonal to both a and c such that det(A) = 1, where 



.4 



a 
b 

c 



Consider / : — > T\ given by / := A o / o A 1 . Then 



^T- A-l 



g = Ac 1 aA 





1 



[1 0]. 



^From (fL3|) we obtain 





" " 




' " 


and 





= Df 







1 




1 



Consequently 



= 1, A/ l(s)= o, £/,<*) = <>, 

^-/i(») = o, ^-A(») = o, = i 

OT3 OT3 £7X3 



for all a; £ T^. It follows that 



f(x!,X2, £3) = Oi + a, x 2 + ^(xi), x 3 + 7(xi, x 2 )), 



where (3 : 



7 : 



are C 1 -function. Let N £ GL^{1,) denote the linear part of 



/. Then the linear part of / equals 





1 








ANA' 1 = 




1 







K 31 


K 32 


1 
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It follows that 



(14) 
(15) 
(16) 

Let f : T 3 



Then 



aN = a 

bN = K 21 a + b 

cN = K 31 a + K 32 b + c. 

I 3 denote the periodic part of /, i.e. 

.A''! r.\ r ■ /(,■). 



n—l 



r(x) = x(N n f + J2 hf k x){N n - i ~ 

Since J J3 D(f o f k )(x)dx = for all natural k, we see that 
(17) - r N n = - t [ Df n (x)dx - g. 



k\T 



It follows that 
(18) 



1 



1 










1 





K 31 


K 32 


1 







1 



Suppose, contrary to our claim, that rank G(a) < 2. 

First suppose that rank G(a) = 0. From ([14]) we conclude that iV = Id, and finally 
that n~ T N n tends to zero, contrary to (pi). 

Now suppose that rank G(a) = 1. Let fh G Z 3 be a generator of G(a). Then there 
exists a rational vector f 6 Q 3 such that iV — Id = m T f, by (P^)- ^From ( ]T5] ) we have 

bm T f = b(N - Id) = K 21 a. 

Suppose that K 21 ^ 0. Then rank G(a) = rank G(f) = 2, which contradicts our assump- 
tion. Consequently, K 2 i = 0. It follows that 

1 
1 

nK 31 nK 32 1 

^From fllBD it follows that n — l and K 3 \ = 1, K 32 = 0. Then 

cfh T f = c(N — Id) = a, 



1 








K 21 


1 





K 31 


K 32 


1 



by fllED. It follows that rank G(a) = rank G(r) = 2, which contradicts our assumption. 
Finally, we have to prove that r equals either 1 or 2. ^From (|18D we obtain 



21 



0. 



n 1 T iv :i] 



1 — 1/n 

K 3X + -^^n 2 - T K 21 K 32 - 1, 



32 



0. 
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If K21 = 0, then t = 1 and K31 = 1. Otherwise, r = 2 and ^21-^32 = 2, which completes 
the proof. □ 



Proof of Lemma |9|. First note that f 2 preserves area and orientation and n~ T Df 2n 
uniformly tends to 2 T c T a. By Lemma [H], rank G(a) = 2. It follows that a = am G aZ 3 , 
by Lemma [14] (see Appendix ||). Now choose n, k G 1? such that the determinant of 



A :-- 



m 
n 
k 



equals 1. Let us consider the diffeomorphism / : T 3 
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AgA- 1 



nc 
kc T 



T 3 given by / := Ao f o A 1 . Then 
[1 0]. 



;From fllSD we have 



LA 













and 


— T 

nc 


= Df{x) 


— T 

nc 




kc T 




kc T 



[10 0] Df(x) = [ 1 ] 
It follows that 

f(x 1 ,x 2 ,x 3 ) = (aci + a,(p xi (x 2 ,x 3 )), 

where if : T x T 2 — > T 2 is an area-preserving random diffeomorphism over the rotation by 
an irrational number a. Then 



T 

nc 
kc T 



Dtp 



— T 

nc 
kc T 



Suppose that nc T and kc T are rationally independent. By Lemma (p Xl (x2, £3) = 
(x2 + /3(xx),X3 + 7(2:1)), where /3, 7 : T — > T are C 1 -functions, which is our assertion. 

Otherwise, by Lemma |^, there exist a group automorphism B : T 2 — ► T 2 and C 1 - 
functions (3 : T — > T, 7 : T 2 — > T such that 

B o (p Xl o B' 1 (x 2 ,x 3 ) = (ex 2 + (3(xi),x 3 + j(xi,x 2 )), 

where e = det Df, which implies our assertion. □ 

Proof of Theorem |?| is divided into a few cases. 

Case 1: Suppose that g = c T {hia + h 2 b), where a and b are orthogonal to c and the 
matrix 

r a 



A 
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is nonsingular. Let / : — > be given by / := A o f o A . Then 



g = Ac T (h l a + h 2 b)A~ 1 





1 



[ k h 2 ] 



where hi(x) := hi(A 1 x) for % = 1,2. ^From ([13|) we obtain 

(19) [hix) h 2 (x) 0] = [^(/ac) h 2 (fx) 0]Df(x), 



' " 




' " 





= Df(x) 





1 




1 



for all ieT^. Consequently 



_d_ 

dx-. 



fi(x)=0, 



dx 



d - 9 - 

/ 2 (ar) = and — / 3 (ar) 



for all x G T 3 *. It follows that 



f(x 1 ,x 2 ,x 3 ) = (F(x 1 ,x 2 ),x 3 + j(x 1 ,x 2 )), 

where 7 : R 2 — > K is a smooth function and F : IR 2 — > IR 2 is the diffeomorphism given by 
F(xi, x 2 ) = ( fi(xi, x 2 ), / 2 (xi, x 2 )). Let .K" denote the linear part of /. Then K = AN A^ 1 , 
where N G GL 3 (Z) is the linear part of /. Then det K = det N = e' = ±1 and X13 = 
0, K 23 = 0,7^33 = 1. Moreover, there exist (dm T , bm T ) -periodic for all fh G Z 3 functions 
F : R 2 -> R 2 , 7 : R 2 -> R such that 

F(x) = F(x)+xF' T , 
7(xi,x 2 ) = 7(xi,x 2 ) + ^31^1 + F32X2, 

where if' = ^|{i,2}x{i,2} G GL 2 (M) and det IT' = e' . ^From QTTJ) we deduce that 

n-1 

/ii(x) /i 2 (x) 



— DF n (x l ,x 2 ) -> and — V £>( 7 o F fc )(x 1; x 2 ) 

fc=0 



uniformly on T^. Therefore hi, ft, 2 depend only on the first two coordinates. Let H : R 2 — > 
R 2 be given by H(xi,x 2 ) = hi(xi,x 2 ,0) h 2 (xi,x 2 ,0) . Then H is (dm T , 6m T )-periodic 
for all m G Z 3 . ^From (|19D we have 

(20) H(Fx)DF(x) = H(x) 

for all x G R 2 . Set Xn := n ~ T 2~^)c=o 7 Since -Dx„ — > if uniformly on R 2 , we see that 

Xn(Xi, X 2 ) - Xnfa, 0) -> / H 2 (x U t)dt, 

Jo 

Xn(xi,X 2 ) —Xn(9,Z 2 ) -> / Hxit^X^dt 



21 



for all (xi, x 2 ) e R 2 . Let £ : R 2 -> R be defined by 

a \ v i ( \ tn n^^ / Jn 1 H 1 (t,x 2 )dt + f* 2 H 2 (0,t)dt 
t(x lt x 2 ) := hm ( Xn ( Xl , x 2 ) - Xn (0, 0)) = | ji* ^ ^ + -g, ^ ^ 

Then d^/dxi = Hi, d£/dx 2 = H 2 and £ is of class C 2 . From ( p0|) it follows that there 
exists a G R such that 

(21) i(Fx) = i(x) + a. 

By Lemma [14] (see Appendix ||), there exist a (arh T , 6m T )-periodic for all rh e Z 3 function 
£ : R 2 — > R and di,d2 £ R such that £(xi,x 2 ) = £(xi,x 2 ) + diXi + d 2 x 2 . Since H ^ 0, it is 
easy to see that (di,^) ^ (0,0). Moreover, from (|2T| ) we have 

(22) [did 2 ] K' = [d 1 d 2 ] 
and 

(23) £(x) + a 

= i(Fi(x) + K n xi + K 12 x 2 , F 2 (x) + K 2X xi + #22^2) + d x Fi{x) + d 2 F 2 (x). 

Case la: Suppose that rank G(c) = 0. By Lemma R, Z)/ is constant. It follows that 
Df and g are constant. Therefore g = c T d, where a is orthogonal to c. From fll~2|) we 
obtain c T = Dfc T . As G(c) = {0} we have D/ =Id. Consequently, / is a rotation on the 
3-torus, which is impossible. 



Case lb: Suppose that rank G(c) = 1. By Lemma [14], there exist F : T — > R , 
£:T^R, 7:T^R and real numbers Zi, Z2 such that m = l x a + Z2& generates G(c) and 

F(xi,x 2 ) = + l 2 x 2 ), 

l{xi,x 2 ) = i{kxi + l 2 x 2 ), 

7(xi,x 2 ) = l{hxi + l 2 x 2 ). 

^From ( p3]) we obtain 

£(/iXi + i 2 ^2) + « 
= £(/iFi(/iXi + Z 2 x 2 ) + l 2 F 2 (hxi + l 2 x 2 ) + S1X1 + s 2 x 2 ) 
+d 1 F 1 (l 1 x 1 + l 2 x 2 ) + d 2 F 2 (lix l + l 2 x 2 ), 

where [si s 2 ] — [li l 2 ) K' . If (si, s 2 ) and (Zi, Z 2 ) are linearly independent, then £ is constant. 
It follows that H is constant and we can come back to Lemma [| Otherwise, there exists 
a real number s such that (si, s 2 ) = s(Zi, Z 2 ) and 

f (x) + « = ^(ZxF^x) + feAfa) + 8x) + diFi(ar) + d 2 F 2 {x) 
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for any real x. As / preserves area we have det DF(x) = e = ±1. It follows that 

T l 1 DF 1 (x) + K n l 2 DF 1 {x) + K 12 
ael I hDF 2 {x) + K 21 l 2 DF 2 (x) + K 22 

= (hK 22 - l 2 K 21 )DF 1 (x) + {-hK 12 + l 2 K u )DF 2 (x) + det K 

= {kDFxix) + l 2 DF 2 (x)) det K/s + det K 

for any real x. Since Fx, F 2 are 1-periodic, we have l\DFi(x) + l 2 DF 2 (x) = and det K = e. 
Therefore the function l\F\ + l 2 F 2 is constant. Let us choose real numbers r 1; r 2 such that 
the determinant of the matrix 

" h h 
ri r 2 
1 

equals 1. Now consider the diffeomorphism / : T 3 LA — > T 3 LA given by / = Lo/oL -1 . Then 

/(xi, 3:2,2:3) = (sxt + a,e/sx 2 + rxx +riF x (^i) + r 2 F 2 (a:i), x 3 + 7(2:1) +p 2 ^2)- 

As dfi/dxi = s n and df 2 /dx 2 = (e/s) n we obtain s = ±1, because / has polynomial 
uniform growth of the derivative. Moreover, 



LA 



m 

rid + r 2 b 
c 



and LA o f = f o LA. Therefore f(x)m = sxrh + a. Observe that s = 1. Indeed, 
suppose, contrary to our claim, that s = — 1. Consider the smooth function k : T 3 — > C 
given by k(x) = e 2mxm . Then ko/ 2 = k. Since k is smooth, we conclude that is constant, 
by the ergodicity of /. Consequently, fh = 0, which is impossible. 
Now choose ni 6 Z 3 such that the determinant of 



A :-- 



rn 
n 
k 



equals 1. Let us consider the diffeomorphism / : T 3 —> T 3 given by / := Ao foA 1 . ^From 
(p!3|) we have 











- -T 

nc 


= Df(x) 


- -T 

nc 


. M . 







Moreover, 



= f{x{A- l ) T )m T = x{A- 1 ) T fh T + a = x x + a. 



Now our claim follows by the same method as in the proof of Lemma |9|. 
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Case lc: Suppose that rank G(c) = 2. Then we can assume that a, b, c G Z 3 and a, b 
generates G(c). Set q = detA G N. Then the linear part of / (equals K = AN A^ 1 ) 
belongs to M 3 (Z/q). Moreover, the functions F : R 2 -> R 2 , 7 : R 2 -> R and £ : R 2 -> R 
are Z 2 -periodic, by Corollary [I] (see Appendix |B|). 



Case lc(i): Suppose that d\jd 2 is irrational. From fl2"2|) we obtain iC 



1 
1 



Set 



1/g 
l/q 
1 



Now consider the diffeomorphism / : T\ A — > T 3 LA given bjf = LofoL 1 . Then 

/(zi, x 2 , 23) = (F(x 1 ,x 2 ),x 3 + 7(xi, x 2 )), 



where 



Then 



F(x 1 ,x 2 ) 



F(x + m) — F(x) 
j(x + m) — 7(2) 



-F(qxi,qx 2 ) 

q 

j(qx 1 ,qx 2 ). 



m, 



qK 31 m 1 + qK 32 m 2 G Z 



for all m G Z 2 . Therefore, / can be also treated as a diffeomorphism of the torus T 3 . Let 
£(21,22) = £{qx 1 ,qx 2 ). Then 

(24) £oF = £ + a, 

DC, : R 2 — > R 2 is Z 2 -periodic and non-zero at each point. Moreover, / : T 3 — > T 3 has 
r-polynomial uniform growth of the derivative. Precisely, 



(25) 



n' 





d£ 



uniformly. 

Let us denote by tp 1 the Hamiltonian C 2 -flow on T 2 defined by the Hamiltonian equation 



d 
dt 



£x 2 ((p\x)) 



Since ip f has no fixed point and 



£ Xl (x)dx/ / i X2 (x)dx = di/d 2 

T 2 Jt 2 
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is irrational, it follows that <p* is C 2 -conjugate to the special flow constructed over the 
rotation by an irrational number a and under a positive C 2 -function b : T — > R with 
J T b(x)dx = 1, (see for instance |2|, Ch. 16]) i.e. there exists an area-preserving C 2 - 
diffeomorphism p : M 2 — > R 2 and a matrix N G GL 2 (Z) such that 

cr* o p = p o <p*, 

where a t (xx,x 2 ) = (xi,x 2 +t) and 

p(x + rh) = ( Pl (x) + (mN^ + (mN) 2 a, p 2 {x) - b« mN ^ ( Pl (x))) 

for all m G Z 2 . Let T a _b : Txl^Txl denote the skew product given by T a _b(xi, x 2 ) = 
(xi + a, x 2 — b(xi)). Let us consider the quotient space M = T x 1/ ~, where the relation 
~ is defined by (xi,x 2 ) ~ (2/1, 2/2) iff (xi,x 2 ) = T% _ b (yi, y 2 ) for an integer k. Then the 
quotient flow of the action o l by the relation ~ is the special flow constructed over the 
rotation by a and under the function b. Moreover, p : T 2 — > M conjugates flows <p* and a 1 . 
Let F : M — > M denote the C 2 -diffeomorphism given by F := p o F o p -1 . Since the map 
R 3 t 1 — > £(<p*x) G R is constant for each x G M 2 we see that the map 



3 t 



£op 1 (cr*(xi,x 2 )) = £ o p 1 (x 1 ,x 2 + t) G 



is constant for each (sci,^) £ It follows that the function (op 1 
only on the first coordinate. Moreover, 

d 



depends 




1 



dt 



p 1 oa t (x)\ t=0 



£x 2 (P \x)) 



dt 



V?*Op 1 (x)\ t =Q 



Consequently, dp 1 /dx 2 = d^/dx 2 op 1 and dp 2 1 jdx 2 = —d^/dxi op 1 . It follows that 



d z _! 

"1 — £ P 



dpi 



-1 



<9£ -1 
+ ~ — p 



dp 



-1 



detDp" 1 = 5 = ±1. 



Therefore 

(26) (op _1 (xi,x 2 ) = 5xi + c. 

^From ( P%D we see that £ op -1 of = £ op -1 + a and consequently that Fx{x\, x 2 ) = x\ + 5a. 
To shorten notation, we will write a instead of 5a. Since F : R 2 — > R 2 preserves area, we 
conclude that 

F(xi,x 2 ) = (xi + a, ex 2 + (3(xx)), 

where f3 : R — > R is a C 2 -function and e = det DF = ±1. As F is a diffeomorphism of M, 
there exists mi,m 2 G Z such that 



(xi + l + a, ex 2 + (3(xi + 1)) 



F(xx + 1, x 2 ) = T^ b F{x u x 2 ) + (mi, 0) 

(xi + a + mi + m 2 a, ex 2 + j3(x\) — 6^ m2 ^(xi + a)). 
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It follows that mi = 1, m 2 = 0, hence that (5 : T — > R. Moreover, there exists n\,n 2 G Z 
such that 

{x\ + a + a, £x 2 — + /3(xi + a)) 

= F o T a ,_ b {x u x 2 ) = T£_ b F( Xl , x 2 ) + K 0) 
= (a;i + a + rii + n 2 a, ex 2 + (3(xi) — b^ U2 \xi + a)). 

It follows that nx — 0, n 2 — 1, hence that — b(x + a) = —eb(x) + (3(x + a). Hence 



1-6 



+ a) — eb(x))dx = / — + a))dx = 0. 



Therefore 

x 2 ) = (a^i + a,x 2 + (3( Xl )) 

and the skew products F and T a _6 commute. 

Let us consider the diffeomorphism / :MxT^MxT defined by 



/ := p x Id T o / o (p x Idn 



Then 



f(xi, x 2 , x 3 ) = (F( Xl ,x 2 ),x 3 + 7(xi, x 2 )), 
where 7 : M — > T is given by 7 = 7 o p~ x . Therefore there exist k%, k 2 6 Z such that 

7(2:1 + 1,2:2) = 7(^1^2)+^ 
7(2:1 + 0,2:2 — 6(2:1)) = 7(27, x 2 ) + fc 2 . 



Moreover, 



DpoF n op- 1 
1 



n -r DF n Q p -l 

n~ T D 



p n 



Dp- 1 
1 





D^op- 1 



Z^op- 1 ) 



uniformly, by (|25|) and (^6[). It follows that 



Dp- 1 
1 





5 



71—1 

J2i^°F k + % 2 oF k -D(3^)^5 



fc=0 



and 



71—1 



fc=0 
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uniformly, hence that 

n-l 

n" 



k=0 

and 



7 V / {%AF\x 1 ,x 2 ))+^ X2 {F\x l ,x 2 ))D^ k \x 1 ))dx l dx 2 ^5 

1 fc_n 



1 /" 

(27) — V / % 2 {F k {x l) x 2 ))dx l dx 2 ^Q 

71 u-a JM 



k=0 

We show that 

n-l 



1 r 

-J2 / (7x 1 (^ fe (^i^2))+7, 2 (^(x 1 ,x 2 ))L'/3W(x 1 ))^ 1 ^ 2 ^6(0)A;i. 



k=0 

This gives r = 1 and fci 7^ 0. To prove it, note that 

n— 1 



I f 

/ 7 xl (-F fc (a;i,X2))da;idx2 

nb(xi) 
7x1(^1,^2)^2^1 

= — *f(x 1 ,x 2 )dx 2 dx 1 - Db(x 1 )^f(x 1 ,b(x 1 ))dx 1 

Jo UXi Jq Jq 

Ml) MO) rl 

= / 7(l,x 2 )dx 2 - / ^(0,x 2 )dx 2 - / Db(x 1 )( ; y(xi + a, 0) - k 2 )dx 1 
Jo Jo Jo 

= 6(0)^1-/" D6(xi)7(xi + a, 0)dx v 
Jo 



Next observe that 

n-l 



1 r 

-Y, / 7* 2 (^ fc (a;i,x 2 ))£)/3W(xi)dxitfa; 2 

^ n— 1 „i rb{x\) 

= / / 7x2 (^-l) x 2 )Df3^ k \xi — ka)dx 2 dxi 

" Us J " j - 

1 ,-1 

= -Y, (l(xub(x 1 ))-^(x 1: 0))Dp^(x 1 -ka)dx 1 
n k=o Jo 

= - V / (7(a;i + a,0)-A;2-7(a:i,0)) J D/3 (fc) (^i-^)^i 
n fc=0 Jo 

- V / 7 (xi + a, 0)( J D/3 (fc) (xi - fca) - Dp {k) ( Xl - ka + a))d Xl 
n k=o Jo 
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2 1-1 ,.1 

— > / 7( x i + a ? 0)(-D6(xi) — Db(x\ — ka))dxi 
fc=0 1/0 

«i „i - n-l 

/ 7(0:1 + a, 0)D6(xi)<ixi — / 7(xi + a, 0)— Db(xi — ka)dxi 
Jo Jo n T~i 



7(^1 + a, 0)-D&(£i)<Ari, 

which proves the desire conclusion. From ( |2"7] ) we have 

•1 /-fe^i) 



./o 



7a; 2 (Xl, X 2 )dx 2 dX\ = 0. 



However 



1 rb(xi) 



JO 



lx 2 (xi,x 2 )dx 2 dxi 



(7(0:1, 6(a?i)) -7(xi,0))rfa;i 

(7(xi + a, 0) - 7(0:1, 0) - /c 2 )Gtei 
= fcia — /c 2 . 

It follows that hid = k 2 , which contradicts the fact that k% 7^ and a is irrational. 
Consequently, d\/d 2 must be rational. 

Case lc(ii): Suppose that (di,d 2 ) = d(li,l 2 ), where li,l 2 are relatively prime integer 
numbers. Then there exist M G GL 2 CL) and m G Z such that 



if' = Af' 



1 



by (f2"2"|). Hence there exists an even number r such that K' r G GL 2 (Z). Therefore the 
diffeomorphism F r : M 2 — > R 2 can be treated as an area-preserving diffeomorphism of the 
torus T 2 . Let £ : T 2 — > T be given by £(27, x 2 ) = rf _1 £(a7, £ 2 )- Then 

£oF r =£ + ra/d and d 2 (|)) = (Zi, Z 2 ) ^ 0. 

Notice that a/d is irrational. Indeed, suppose that a/d = k/l, where k G Z and Z G N. 
Let H : — > C be given by 

x 2 , £3) = exp 2ttU^(xi, x 2 ). 

As £ o F = £ + fc/Z, we have 

S/(xi,x 2 ,a;3) = exp27ri/£ o F(xi,x 2 ) = S(xi,x 2 ,x 3 ). 
By the ergodicity of /, H and finally £ is constant, which is impossible. 
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By Theorem |T3| (see Appendix there exists an area-preserving (7 2 -diffeomorphism 
$ : T 2 -> T 2 such that 

f'ofo^f^ T 2 

is a skew product and £ o ^(xi,^) = £i- Therefore D(£ o ■0) = [d 0]. Let L G GL 2 (Z) 
denote the linear part of -0. Set 



L := 



L 
1 



G GL 3 (Z). 



Let us consider the area-preserving C 2 -isomorphism p : — > Tf . defined by 

p(Xi,X 2 ,X 3 ) = (^ _1 (Xi,X2),X 3 ). 

Let / : T|_ M -> T|_ lj4 be given by / = p o f o p" 1 . Then 
1 



1 



n- T DF n o 



L>0 
1 





L>£o^ 



£>(£o<0) 



D0 
1 





d 



uniformly Let us consider the diffeomorphism / : T 3 — - > T 3 given by f = A x Lo f o L l A. 
It is easy to see that 

"000 



— Df n -> A" 1 !, 




d 



L~ X A 



uniformly and that / and / are conjugate via the area-preserving C 2 -diffeomorphism 
A L o p o A : T 3 — > T 3 . Now applying Lemma |9] for / gives our claim. 

Case 2: Suppose that g = {hia T + h 2 b T )c, where a and b are orthogonal to c and the 
determinant of the matrix 

A" 1 =[c T d T V] 
equals 1. Let / : — > T\ is given by / := A o / o A' 1 . Then 



g = A(hia T + h 2 b r )cA 





k 
k 



[1 0] 



where k(x) := /ij(v4 x x) for £ = 1,2. ^From (T[B|) we obtain 







[1 0] 





k(fx) 
. k(fx) 



[10 0] Df(x) 
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for all x G T 3 A . Consequently 

d * " * d * _ d * 9 *■ 

-K—h{x)hi{fx) = hi(x), —fi(x) = —fi{x) = and — 7^ 

for all x G and i = 1,2. Now observe that hi,h 2 are linearly dependent. Indeed, 
without loss of generality we can assume that h 2 is AA® 3 non-zero. Then h 2 {x) 7^ for 
a.e. x G T^, by the ergodicity of /. Therefore the measurable function hx/h^ '■ — > ]R is 
/-invariant. Hence there is a real constant c such that hi(x) = cti2{x) for a.e. x G T^, by 
ergodicity. Consequently, hi = chz, which leads us to Case 1, and the proof is complete. 
□ 



4 4— dimensional case 



In this section we indicate why there is no 4-dimensional analogue of classifications 
of area-preserving diffeomorphisms of polynomial growth of the derivative presented in 
previous sections. Precisely, we construct an ergodic area-preserving diffeomorphism of 
the 4-dimensional torus with linear uniform growth of the derivative which is not even 
metrically isomorphic to any 3-steps skew product, i.e. to any automorphism of T 4 of the 
form 

T 4 3 (xx,x 2 , x 3 , x 4 ) 1 — > (xi + a, e x x 2 + (3(x l ),e 2 x 3 + 7(2:1, x 2 ), e 3 x 4 + 5(xi, x 2 , x 3 )) G T 4 , 

where £j = ±1 for i = 1,2, 3. Before we pass to the 4-dimensional case we should mention 
area preserving diffeomorphisms of the 2-torus with sublinear growth of the derivative. 

Definition 2 We say that a C 1 -diffeomorphism / : T 2 — » T 2 has sublinear growth of 
the derivative if the sequence Df n /n tends uniformly to zero. 

Suppose that / : T 2 — * T 2 is an area-preserving weakly mixing C°°-diffeomorphism 
with sublinear growth of the derivative. The examples of such diffeomorphisms will be 
given later. Let T v : T 2 — * T 2 be an Anzai skew product where Tx = x + a is an ergodic 
rotation on the circle and ip : T — > T is a C°°-function with non-zero topological degree. 

Theorem 11 The product diffeomorphism f x T v : T 4 — > T 4 is ergodic and has linear 
uniform growth of the derivative. Moreover, it is not metrically isomorphic to any 3-steps 
skew product. 

Proof. The first hypothesis of the theorem is obvious. Now suppose, contrary to 
our claim, that / x T v is metrically isomorphic to a 3-steps skew product. Then / x 
is measure theoretically distal (has generalized discrete spectrum in the terminology of 
|15|). However, / x T v has a weakly mixing factor, which is impossible, because measure 



theoretically distal and weakly mixing dynamical systems are disjoint (see H). □ 
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In the remainder of this section we present two examples of area-preserving weakly 
mixing diffeomorphisms with sublinear growth of the derivative. 

For given a£T and (3 : T — > R we will denote by T a ^ : TxR TxR the skew product 
T a ,p{xii x z) = (x\ + a, x 2 + (3{x\)). Let a G T be an irrational number and let b : T — ► R 
be a positive C°°-function with J T b(x)dx = 1. Let a* denote the flow onTxl given by 
a f (xi,x 2 ) = (xi,x 2 + 1). Let us consider the quotient space M^ b = TxK/ ~, where the 
relation ~ is defined by (xi, x 2 ) ~ (yi, y 2 ) iff (^li ^2) = T*_ b (yi, y 2 ) for an integer k. Then 
the quotient flow cr* b of the action o l by the relation ~ is the special flow constructed over 
the rotation by a and under the function b. By Lemma 2 in || and Theorem 1 in [10 



there exists a C^-diffeomorphism p : M a ^ — > T 2 such that the flow ip f = p o cr* b o is 
a Hamiltonian flow on T 2 with no fixed points, i.e. there exists C°°-function £ : R 2 — > R 
such that _D£ is Z 2 -periodic, non-zero at each point and 



d t/-\ 



We will identify p with a diffeomorphism p : 



for any (sci, x 2 ) G 

(28) 

(29) 

for any integer n. 
Let T Qj( g : T x 



p{xx + l,x 2 ) 
p(x 1 + a,x 2 - b(x!)) 

i 2 , where N G GL 2 (Z). Then 



2 -> R 2 such that 

p(x u x 2 ) + (N n ,N 12 ) 
p{x u x 2 ) + (N 21 ,N 22 ) 



Dp(T^_ b (x l7 x 2 )) 



Dp(x 1 + l,x 2 
1 " 

-Db^Hxx) 1 



Dp(xi,x 2 ) 
Dp(xi,x 2 ) 



T x R be a commuting with T a _ 6 skew product, where /3 : T 



is 



of class C°°. Then T a> p can be treated as the C^-diffeomorphism of M a ^. Let us denote 
by / : T 2 — > T 2 the area-preserving C^-diffeomorphism given by / := p o T a> p o p _1 . 

Lemma 12 JTte diffeomorphism f : T 2 — > T 2 /tas sublinear growth of the derivative. 



Proof. Since 

Dr(x) = Dp(T^op-\x)) 



1 

DpW{p?{x)) 1 



it suffices to show that 



n 



Dp(T^( Xl ,x 2 )) 



Df3^ 




1 







, , ^,x 2 ) : X\ G R, < x 2 < b(xi)}. For every (xi,x 2 ) G R 2 let 
us denote by n{x\,x 2 ) the unique integer number such that (xi, x 2 ) G M', i.e. 



uniformly on the set M' = {(x\ 

i uniqi 
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Let c, C be positive constants such that < c < b(x) < C for every i£l Then 

c\n(x 1 ,x 2 )\ < \x 2 \ < C\n(x 1 ,x 2 )\ + C. 



Since 
1 



Dp(T^(x u x 2 )) 



1 

D(3W( Xl ) 1 



1 

-Db^ T ^ Xr ' x ^\x l + not) + D/3^(x 1 ) 1 



(by (p9[)), Dp is bounded on M' (by (^)) and n 1 D(3 i ~ n ^ tends uniformly to zero, it suffices 
to show that 



n 



uniformly on M' . To prove it, first observe that 

\n{T^{ Xl ,x 2 ))\ <c- 1 |x 2 + /5 {n) (^i)l < h + k 2 n, 

for any natural n and every {xi,x 2 ) G M' , where k\ = C/c and k 2 = 
Let no be a natural number such that \n\ > n Q implies 



I sup 



/c. Fix e > 0. 



1 



\n 



\\Db {n) || sup < e/2k 2 and h + k 2 n < 2k 2 



for any integer n. Assume that n is a natural number such that n > \\b\\cino/e. Let 
(xx,x 2 ) G M'. If In^^^xa))!^!!^^ < e, then 



Otherwise, 
Then 



-Db^ T ^^\ Xl +na)\ < |n(T ^ (Xl ' X2 
n n 

\n(T^( Xl ,x 2 ))\>en 



en < e. 



> n . 



|-D6 (n(T ^ (xi ' X2))) (xi + n«)| 
n 



< 



< 



KT^Orx,^))! 



n 

fci + k 2 n 
n 



\n(T^(x u x 2 ))\ 
e/2k 2 < e, 



\\Db^ n( - T ^ {xi ' X2))) \ 



sup 



which completes the proof. □ 



Proposition 2 (see fij^) For every C 2 -function f3 : T — > R roi/i zero mean, which is 
not a trigonometric polynomial there exists a dense G$ set of irrational numbers a G T 
such that the corresponding skew product T a> p iTxM-^Txlis ergodic. 
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^From the proof of the Main Theorem in [TJ|] and the nature of the weak mixing 
property, one can obtain the following 



Proposition 3 For every positive real analytic function b : T — > R with j T b(x)dx = 1, 
which is not a trigonometric polynomial there exists a dense Gs set of irrational numbers 
a G T such that the corresponding special flow er* b is weakly mixing. 

Example 1. Suppose that a t ab is a weakly mixing special flow whose roof function is 
real analytic. Let (p l be a Hamiltonian flow on T 2 that is C^-conjugate to the special flow 
a l ab . Then the area-preserving diffeomorphism (p 1 : T 2 — > T 2 is weakly mixing and has 
sublinear growth of the derivative, by Lemma |12"[ 

Example 2. By Propositions |2| and |3], there exist a C°°-function (3 : T — > R with 
zero mean and an irrational numbers a G T such that the corresponding skew product 
T Qj/ g :Txl^Txlis ergodic and for no real r ^ there exist c G T and a measurable 
function c r : T — > T satisfying 

c r (:r + a)e 27rir/3(a;) = c-c r (:r). 

Assume that 6 : T —>■ R is a positive C^-function with j T b(x)dx = 1 and a G T is an 
irrational numbers such that the skew products T a ^ and T a commute and T a -b+i is not 
measurably isomorphic to any iteration of T a> p. Let us consider the special flow a t ab on 
M a ^ and the diffeomorphism T a $ : M a ^ — >• M aj b. Then T aj/ g : M ai 6 — >■ M a ^ is ergodic, by 
the ergodicity of T aj p : T x I ^ T x 1. Moreover, T a $ : M a ^ — > M Qj fc is weakly mixing. 
Indeed, suppose, contrary to our claim, that T a> p has an eigenvalue c G T. Then there 
exists a measurable function F:TxM^T such that 

(30) FoT a ^ = cF and F o T a ,-b = F. 

It follows that 

F o o l o T a>p = F o T Qi/3 o a* = cF o a', 

and hence that 

Fa* IF o = Fer'/F 

for any real £. By the ergodicity of T a ^, there exists a measurable function c : R — > T such 
that For* = c (t)F. Then 

c(t + s)F = Fa* +S = FoV = c(t)c(s)F 
for all real t, s. Therefore there exists a real number r such that c(t) = e 2mrt . Consequently, 

F(x 1 ,x 2 ) = F(x 1 )e 2nirx \ 
where F : T — > T is given by F(x) = F(x, 0). ^From d30|) , we conclude that 

F(X1 + a ) e ^(x 2 +p{ Xl )) = Cj p( xi ) e 2^ 2; 
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and finally that 

F( Xl + a)e 2mr ^ Xl) =cF(xi), 

which contradicts our assumption. 

Let ip 1 be a Hamiltonian flow on T 2 that is C^-conjugate to the special flow er* b , via 
a C^-diffeomorphism p : M a ^ — > T 2 . Let us consider the area-preserving diffeomorphism 
/ : T 2 — > T 2 given by / := p o T Qj/ g o Then / is weakly mixing and has sublinear 



growth of the derivative, by Lemma [12 

A 



For given a 6 R, : T -> T and e = ±1 let T Qj(/Pj£ : T 2 — > T 2 denote the diffeomorphism 

^^(xi, x 2 ) = (xi + a, ex 2 + <p(ai)). 

Theorem 13 Let / : T 2 — > T 2 6e an area-preserving C 2 -diffeomorphism. Suppose 
that there exist an irrational number a and a C 2 -function £ : T 2 — ► T suc/i £/ia£ 

. £o / = £ + «, 

• < c < /or any x G T 2 , 

• (di(£), d 2 (£)) = (P15P2) 7^ (0,0), where pi,p 2 are relatively prime integer numbers. 

Then there exist an area-preserving C 2 -diffeomorphism ip : T 2 — > T 2 and a C 2 -cocycle 
(p : T — > T suc/i i/iai 

/ o ^ = if) o r ajV3)£ 

where e = det D/ and £ o t/)(xi, 22) = £i- 

Proof. Without restriction of generality we can assume that £(0,0) = 0. For every 
s G R set 

A s = {x G R 2 : £(x) = s}. 
Since < c < ||D£(:r)|| for any x G M 2 , we see that A s is a curve. Moreover, 

(31) (xi, x 2 ) G A s (xi + p 2 , x 2 - pi) G A s and x e A s ^ f(x) € A s+a . 

Let qi,q 2 be integer numbers such that p±qi + p 2 q 2 = 1. Then 

(xi, x 2 ) ei s 4 (a?i + gi, x 2 + q 2 ) G A s+i . 

Let 7 : R — > M 2 be a C 2 -function such that: 

• 7 (0) = (0,0), 

• 7(5 + 1) = 7(5) + (q 1 , q 2 ) for any real s, 
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Figure 1. 

• £ ° l( s ) — s f° r an y re& l s ( see Fig- !)■ 

For every sGR, denote by ip(s, ■ ) : K — > R 2 the solution of the following differential 
equation 

Wm) = 

^(s,0) = 7 (s). 
Clearly, ^ : R 2 -> R 2 is of class C 2 and 

*p(s + l,t) = ^(s,t) + ( qi ,q 2 ) 

for any (s,t) G R 2 . Moreover, 

^ o ^(s, = Z^(s, *)) • ^(s, = 0. 



-6m MM)) 

&iMM)) 



^(M)) = ^(«,0)) = «7(«))=8- 



Hence 
(32) 

It follows that 

(33) A s = {^(s,i):tGM}, 

because H^VKM)!! > c. Therefore ip is a surjection. Moreover, 



(34) 



detL>V(M) = det 



|Vi(M) -^(M)) 
£^ 2 (M) 6JVKM)) 



= D£(^M))^M) = ^°#M) = l- 



35 



Next note that if) is an injection. Suppose that (si,ti) 7^ (52,^2) and if)(si,ti) = if)(s2,t2). 
Then 

si = £ ip{si, h) = £ ^( s 2, £2) = s 2 , 

by (p^). Hence £1 7^ £2 and ^(si, ti) = if>(si, t 2 ). It follows that if>(s\,t + 1\ — t 2 ) = ip(sx,t) 
for any real t, by the definition of if). Therefore, the curve A Sl is close, contrary to (|3~T|). 
Hence if) is an area-preserving C 2 -diffeomorphism of M 2 . 
Since 

£(/ o t)) = ^(^(s, t)) + a = s + a, 

(p3|) shows that / o ip(s,t) = ip(s + a,rj(s,t)), where 77 : IR 2 — 
assumption, DC, o f ■ Df = D£. It follows that 



is a C 2 -function. By 



Therefore 



<x 2 O / 



d 



eDf 



Df(iP(s,t))-iP(s,t) = Df(iP(s,t)) 



^(/oV(s,t)) 
£Vz 2 ( s + a,»7(M))- 



-Mv>(m)) ■ 

^ 2 (^(s + a,r](s,t))) 
^ 1 (^(s + a,r](s,t))) 



On the other hand 



d 



^/ *l>(s, t) = ^-if)(s + a, r](s, t)) = ip X2 (s + a, r}{s, t))iv{ s , *)■ 
Hence r](s, t) = et + r](s, 0). Let ip : R — > R be given by ip(s) = rj(s, 0). Then 

/ o if)(s, t) = if)(s + a,et + <p(s)). 

We only need to show that if) is a diffeomorphism of the torus T 2 . ^From (Ell) and ( |3"3] ) , 
for every real s there exists a unique real number r(s) 7^ such that 



Then the function r : 



V>(s, r(s)) = if)(s, 0) + (pa, -pi). 
R is continuous, r(s + 1) = r(s) and 
■0(s, t + r(s)) = t) + (P2, -Pi) 



for all real s, t, by the definition of ■0. Let M G GL 2 (Z) denote the linear part of /. As 
£ o / = £ + a, we have 

[px p 2 ] M = [pi p 2 ] • 

It follows that 



M 



P2 
-Pi 



P2 
-Pi 
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where e = det M = ±1. Hence 

/((ari, s 2 ) + (p 2 , -Pi)) = /(aci, x 2 ) + e(p2, 

for any (xi,x 2 ) G R 2 . Therefore 

V>0 + a, r(s) +</?(«)) = /oV(s,er(s)) = /(^(s,0)+e(p3,-pi)) 

= / o ^(s, 0) + ee(p 2 , -Pi) = if>(s + a, <p(s)) + ee(p 2 , -px) 
= V ; ( s + a i ££t(s + a) + <p(s)). 

Therefore r(s + 2a) = t(s) for any real s. Since a is irrational, r is continuous and periodic 
of period 1, we see that r is constant. Hence 

vp(s + l,t) = ip(s,t) + (q u q 2 ), 

iP(s, t + r) = ip(s, t) + (pa, -pi) 

for any (s,t) G R 2 . Let ip T : R 2 — > R 2 be given by tfj T (s,t) = ip(s,rt). Then t/> t is a 
diffeomorphism of T 2 . We conclude from ([34]) that det Dijj T (s,t) = r for all (s,t) G R 2 , 
hence that r = ±1. It follows that 

V»(s + l,t) = ip(s,t) + (qi,q 2 ), 

i>{s,t + l) = il){s,t)±{p 2 ,-p 1 ) 
and finally that ip is a C 2 -diffeomorphism of T 2 such that 

fotp = ipo T a ^ £ . □ 

B 

Let g : R 2 — > R be a continuous function and let a, b G R 3 be linearly independent 
vectors. Let c G R 3 be a non-zero vector orthogonal to both a and 6. 

Lemma 14 Suppose that there exists a vector d G R 3 suc/i i/ia£ 

+ am T , X2 + om T ) = h(x\, x 2 ) + Jm T 

/or all fh G Z 3 . JTien t/iere exist fci, A; 2 G R such that d = k\a + k 2 b and the function 
h(xi, x 2 ) = h(xi, x 2 ) — kiXi — k 2 x 2 is (dfh T , bfh T ) -periodic for all fh G Z 3 . Moreover, 

• z/rank G(c)=0, then h is constant; 

• if rank G(c)=l, then there exit li, l 2 G R and a continuous function p : T — > R suc/i 
i/iai h(xi,x 2 ) = p(l\X\ + £2^2) an< ^ ^10 + hb G Z 3 generates G(c); 
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• if rank G(c)=2, then c G cZ 3 where c 7^ 0. 

Proof. Let us consider the function H : R 3 — > R given by := h(ax T ,bx T ) for all 

x G R 3 . Then iJ(a; + m) = + <im T for all m G Z 3 and 



if((xi,x 2 ,x 3 )(^4 = /i(aA 1 x T ,bA 1 x T ) = h(xi, x 2 ), 



where 



A 



a 
b 

c 



It follows that the function H : R 3 — > R given by if (a;) = if (x) — dx T is Z 3 -periodic. Let 
A- 1 = [a' T b' T c' T ]. Then 

da' T xi + db' T x 2 + dc T x 3 = h(xi,x 2 ) — H((xi, x 2) x s )(A~ 1 ) T ). 

As H is bounded, we have dc' T = 0. Define 

h(x 1 ,x 2 ) := h(x 1 ,x 2 ) - k x x x - k 2 x 2 , 

where k\ = da' T and k 2 = db' T . Then k±a + k 2 b = d and 

h(xi,x 2 ) = H((x 1 ,x 2 ,x 3 )(A~ 1 ) T ) 

for all (xi,x 2 ,x 3 ) G R 3 . Therefore 

h(x 1 + arh T ,x 2 + brh T ) = H(((x u x 2 , x 3 ) + mA T )(A- 1 ) T ) 

= H(((x!,x 2 , x 3 )(A~ 1 ) T + m) = h(xi,x 2 ) 

for all rh G Z 3 . Moreover, 

H(xi, x 2 , x 3 ) = h(dx T ,bx T ). 
The function H can be represented as the Fourier series 

H(x) = a„ exp 2irirhx T , 

where the series converges in L 2 (T 3 ). It follows that 

h(xi,x 2 ) = a„ exp 2ni(ma' T x 1 + rhb' T x 2 + mc' T x 3 ) 

in L 2 (T 3 4 ). Therefore, mc' T = 0, wherever 7^ 0. Hence 

H(x) — o„ exp 2nifnx T , 

meG(c) 
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because G(c) = G{c'). 

Suppose that rank G(c) = 0. Then H, and consequently h is constant. 

Now suppose that rank G(c) = 1. Then H(x) = pimx ), where m is a generator of 
G(c) and p : T — > R is a continuous function. Moreover, 



h(xi, x 2 ) = p(mA x ) — p(ma x\+mb X2) 

and 

ma' T a + mb' T b = mA~ l A = m. 

Now assume that rank G(c) = 2. Suppose that m, n G Z 3 generate G(c). Then 
c = cm x n G cZ 3 . □ 

Lemma 15 Let c G Z 3 \ {0}. Then there exists a pair of generators a,b G Z 3 of G(c) 
such that A(a,b) = {(arh T ,brh T ) G Z 2 : m G Z 3 } = Z 2 . 

Proof. Our proof starts with the observation that we can assume that Ci, 02,03 are 
relatively prime. Let p 1 := gcd(c 2 ,c 3 ), p 2 := gcd(c 3 ,Ci), p 3 := gcd(ci,c 2 ). Then pi,p 2 ,p 3 
are pairwise relatively prime and there exist pairwise relatively prime integer numbers 
ki, fc 2 , k 3 such that c\ = kip 2 p3, c 2 = pik 2 p3, c\ = pip 2 k3. Let us choose integer numbers 
x, y such that k 2 x + k 3 y = 1. Then 

« := (Pi, ~P2hx, -p 3 hy) and 5 := (0, -p 2 A;3, P3h) 

generates the group G(c). Indeed, suppose that (mi, m 2 , 7713) G G(c). Since miCi = 
— m 2 c 2 — m 3 c 3 we see that pi|miCi, hence that pi|mi, because Ci and pi are relatively 
prime. Similarly, there exist ni,n 2 ,n 3 G Z such that mi = pini, m 2 = p 2 n 2 , m 3 = p 3 n 3 . 
As (mi,m 2 ,m 3 ) G G(c) we have 

n-iki + n 2 /c 2 + n 3 A; 3 = 0. 

Since n x k\ + ni(—kix)k 2 + ni(—kiy)k 3 = we obtain 

(n 2 + nxk x x)k 2 + (n 3 + n^y)^ = 0. 

Therefore there exists s G Z such that n 2 +nikix = —sk 3 and n 3 + nik x y = sk 2 . It follows 
that 

(n 1 ,n 2 , n 3 ) = ni(l, -fax, -fay) + s(0, -fc 3 , k 2 ), 

hence that (m 1 ,m 2 ,m 3 ) = n^a + s6. Let r, t be integer numbers such that rpi — tc x = 1. 
Then 

(a,6)(r,tp 3 A:2,tp2A;3) T = (1,0). 

Moreover 

(a,6)(0,r',t') T =(^,l), 

whenever —p 2 k 3 r' +p 3 k 2 t' = 1. It follows that (1, 0) and (s', 1) belong to A(a, b), and finally 
that A(a,6) = Z 2 . □ 
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Corollary 1 For any pair of generators a', b' G 1? of G(c) we have A(a', b') = Z 2 . 

Proof. Suppose that a', b' G Z 3 generate G{c). Then there exists K G GL 2 (Z) such 
that (a' T ,b' T ) = (a T ,b T )K. Therefore 

A(a',b') = A{a,b)K = Z 2 . □ 
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